There is so far no clear-cut experimental analysis that can determine whether dipole-dipole interactions enhance or reduce the blocking temperature TB of nanoparticle assemblies. It seems that the samples play a central role in the problem and therefore, their geometry should most likely be the key factor in this issue. Yet, in a previous work, Jönsson and Garcia-Palacios did investigate theoretically this problem in a weak-interaction limit and without the presence of an external DC field. Based on symmetry arguments they reached the conclusion that the variation of the relaxation rate is monotonous. In the presence of an external magnetic field we show that these arguments may no longer hold depending on the experimental geometry. Therefore, the aim of this paper is to evaluate the variation of TB for a model system consisting of a chain of ferromagnetic nanoparticles coupled with long-range dipolar interaction with two different geometries. Rather than addressing a quantitative analysis, we focus on the qualitative variation of TB as a function of the interparticle distance a and of the external field h. The two following situations are investigated: a linear chain with a longitudinal axial anisotropy in a longitudinal DC field and a linear chain with a longitudinal axial anisotropy in a transverse field.
I. INTRODUCTION
The magnetization dynamics in magnetic nanoparticles (MNP) assemblies is the corner stone of many physical observables such as the dynamical susceptibility, the magnetic resonance and many others. However, having a direct access to these observables does not guarantee that one is able to disentangle the collective effects from the intrinsic properties of the isolated nanoparticles. The competition between these two effects might indeed impair the true picture that one should have of the long range interaction physics in such complex systems [1, 2] . For this reason, and thanks to the long-standing endeavor that has been devoted to the study of MNP assemblies, it is desirable to first deal with the relatively simple and ordered low-dimensional systems. Quasi bi-dimensional assemblies are nowadays well controlled by chemists, see e.g. [3] [4] [5] , and 1D chains of magnetic nanoparticles have been investigated for more than 30 years in magnetotactic bacteria [6] with a recent revival of interest [7] [8] [9] due to their potential applications. In order to clearly highlight the effect of dipole-dipole interactions (DDI) on the dynamics of MNP assembly, we tackle the problem by determining semi-analytically the behavior of the blocking temperature T B in 1D chains of MNP, which requires the calculation of the relaxation rate of the chain.
For non-interacting systems, the problem has been addressed in many works, including the pioneering works of Néel, Brown and Aharoni [10] [11] [12] . Here, our system consists of a chain of N ferromagnetic nanoparticles, with a restriction to monodisperse assemblies of monodomain MNP. The latter are represented by a single macrospin, m i = mS i = nµ B S i , with a uniaxial anisotropy. All anisotropy axes are parallel and aligned along the chain direction e z . We apply to the system an external DC magnetic field H that can be either longitudinal (along e z ) or transverse (e ⊥ ). The two situations are presented in Fig 1. The aim of this study is to investigate the variation of T B as a function of the interparticle distance a and the applied external dc field H. A naive approach would be to take an Arrhenius law giving the relaxation time as
where ∆E represents the energy barrier between the two potential wells and τ D the diffusion time. The maximum blocking temperature is then defined with respect to the measuring timescale through the expression:
We thus see that we first need to compute the variation of the energy barrier ∆E (a, H) in the presence of a weak dipolar field. However, this simple approach suffers a major drawback: by focusing only on the barrier, one neglects the dynamics in the wells whilst Jönsson and García-Palacios showed that the latter plays an essential role in the determination of the blocking temperature [13, 14] . In order to take this dynamics into account, we compute the relaxation rate Γ in the presence of weak dipolar interactions, in the limit of intermediate to high damping using Langer's theory [15, 16] . A similar approach was used by Braun for chains with exchange couplings [17] and is generalized here to take account of the specificity of the long range nature of the dipolar interaction [2] . The paper is organized as follows: our model is introduced in Section II and we summarize the procedure to compute the relaxation rate by following Langer's approach. The relaxation rate in the longitudinal field case is presented in details in Section III, while the computation for the transverse field case is done more briefly in Section IV. Our results are disclosed in Section V; we show in particular the behavior of the relaxation rate as a function of the field or the reduced energy barrier for different strengths of the DDI. We also provide a detailed discussion of the behavior of the blocking temperature in 1D MNP chains and interpret our results with the help of a simple analytical formula. The paper closes with a conclusion and outlook.
II. PRESENTATION OF THE MODEL
The total energy of the chain is given by the addition of the anisotropy energy, the Zeeman energy and the dipoledipole interaction (DDI) energy :
where
The total energy can be measured in units of 2KV (anisotropy energy), i.e. E = E/ (2KV ). Accordingly, we define the dimensionless physical parameters
but keep the anisotropy parameter k = 1 so as to be able to track the anisotropy contribution in the subsequent developments. Consequently, we write
(5) The estimation of the relaxation rate for an interacting chain of nanoparticles may be relatively complicated to compute analytically because of the discrete sums. However, in the case of a chain, the lattice sum is straightforward to compute. We introduce the local coordinates for each spin (θ i , ϕ i ), such that S i,z ≡ cos θ i . We also define the compact notation V ij ≡ V (r i − r j ) = 1/ r i − r j 3 such that, owing to the symmetry with respect to rotations about the chain's axis (z), we write the local energy as follows (6) and the total energy then reads
In the intermediate-to-high damping limit, the relaxation rate Γ for an elementary process, i.e. an escape from a metastable state (m) to a state of lower energy, through a saddle point (s), can be calculated with the help of Langer's theory [15, 16] . Γ can be put into the following compact form [18] 
where κ represents the attempt frequency to cross the barrier, Z s and Z m are the partition functions at, respectively, the saddle point (s) and the metastable state (m). The explicit evaluation of Eq. (8) thus requires the analytical expression of the energy in the vicinity of the stable state and the saddle point.
III. LONGITUDINAL CASE h = hez
A. Energy barrier in the continuous limit in the longitudinal case
In order to compute the energy barrier we need to determine the saddle point. For this we compute the functional derivative δE i /δS i,α , α = x, y, z. The two transverse components (i.e. α = x, y) yield the constraints:
This is consistent with the fact that the problem is symmetric with respect to the z-axis. The longitudinal component S z contains the most relevant information about the energy barrier:
which can be self-consistently solved leading to the following result (to first order in ξ)
with I i = j V ij and where (s) refers to the saddle point. We have checked that for chains of more than 20 particles, the sum I i is nearly constant along the chain with a maximum deviation at the edges of less than 5%. This implies that the lattice sum I can be considered as independent of the site at which it is computed. Its limit is given by the Riemann zeta function ζ (3) ≈ 1.202. Henceforth, in a first approximation we consider chains that are sufficiently long to neglect edge effects, such that I i = I and consequently θ
The energy at the (meta)stable state is gained by inserting S (±) i,z = ±1 into Eq. (6), such that the energy barrier ∆E ± with respect to the (meta)stable state, E (0)
where the ± sign refers to the relative orientation of the field with respect to the magnetic moments.
B. Evaluation of the partition functions
As is inherent to Langer's approach, the expression of the partition functions in the vicinity of the saddle point and metastable state are obtained by performing a second-order expansion of the energy. For this purpose, it is easier to rewrite the equation of the energy in Eq. (6) in spherical coordinates (θ, ϕ). By definition of the extrema the first order derivative will not contribute to the expansion once evaluated thereat.
The second-order expansion around the saddle point then reads
Inserting the value of cos θ s obtained in Eq. (10) in the expression of the second derivative and keeping only the linear terms in ξ, leads to
If the chain is sufficiently long we may neglect the edge effects and assume that the deviation induced by the dipolar field is nearly constant over the whole chain. Hence, the partition function at the saddle point can be factorized and the partition function per spin then reads
2 dδ which can be computed and then expanded in terms of ξ
To first order, the dipolar field is only present because it shifts the energy of the saddle point by hardening the anisotropy. In the absence of ξ in Eq. (14), one recovers the standard expression for a single spin with a uniaxial anisotropy.
Let us now compute Z − , the partition function near the metastable state. Since there is a rotational invariance around the (Oz) axis, this part is easier to compute by using the Cartesian coordinates
hence, the energy around the metastable point may be written as
Therefore the partition function is given by
From Eqs. (14) and (15), we obtain the ratio
where the energy barrier ∆E − is given by Eq. (12).
C. Attempt frequency
In order to complete the calculation of the relaxation rate of Eq. (8), we still have to compute the attempt frequency κ. This is given by the first nonzero negative eigenvalue of the transfer matrix. For computing it we proceed by writing the Landau-Lifshitz equation in spherical coordinates
where α is the damping parameter. We then make the expansion of the coordinates (θ,
The two equations above can be recast into the following matrix form (using the notation η i = (t, p))
Close to the saddle point, the energy may be expressed as
In the present case, we have λ f = 0 and λ t is defined in Eq. (13) . Hence, the eigenvalue of the resulting matrix leads to 
By simply performing the change h → −h, one can deduce the rate Γ +→s
Adding up these two equations renders the total relaxation rate of the chain's magnetic moment
It can readily be checked that setting ξ → 0 in this expression recovers the Néel-Brown result [12] .
Eq. (21) shows that the energy at the saddle point changes due to the dipolar interaction as well as the external magnetic field. The concomitant presence of the two contributions leads to the additional cross term ∝ h 2 ξI. In contrast, even in the absence of the DC field, the energies of the two minima are lowered by the same amount 2ξI due to the dipolar interaction. This variation can be absorbed in the definition of the anisotropy constant k by introducing the renormalized anisotropy constant
. This means that the chain of interacting MNP would behave as a macrospin with effective uniaxial anisotropy of constant k ′ with easy axis along the chain.
IV. TRANSVERSE FIELD
The external magnetic field is now normal to the chain axis and the uniaxial anisotropy; we choose h = he x . The relaxation rate for the transverse field is then obtained by following the same procedure as described in detail in the previous section.
The energy in the continuum limit now reads
and can be re-expressed in spherical coordinates as it is more convenient for finding the extrema. The derivative with respect to ϕ i yields the following equation
Since the magnetic field is applied along the x axis and the anisotropy is along the z axis, the effective field is necessarily in the xz plane and thereby we may simply set the azimuthal angle to zero, i.e. ϕ i = 0. Therefore, we derive the following simplified equation for the polar angle
This equation may be solved perturbatively and to first order in ξ it yields the position of the saddle point θ s and the minimum θ m
Next, we can evaluate the energy at these two points leading to E (0)
k 2 , and infer from the latter the energy barrier
Since the addition of the external magnetic field now explicitly breaks the rotational symmetry around the zaxis, the expansion of the energy in the vicinity of the saddle point and the metastable state contains a term in ϕ,
and at the minimum (metastable state)
Hence, to first order in the dipolar interaction (ξ), their ratio reads
Similarly to what was done in subsection III C, the expression of the energy in the vicinity of the saddle point given in Eq. (26), leads to the transition matrix and the attempt frequency is obtained upon diagonalizing the latter. This yields κ (0) , where κ (0) is the result for the single spin problem in a transverse field [19] . By collecting the results of Eqs. (29) and (30) and inserting them into Eq. (8) we obtain the expression of the relaxation rate in a transverse field
It can be readily checked that upon setting ξ = 0, one recovers the relaxation rate of an isolated spin [19] .
V. DISCUSSION OF THE RESULTS
Let us now consider a chain of monodisperse ironcobalt particles with a radius R = 4 nm, an effective uniaxial anisotropy K = 4.5 × 10 4 J/m 3 , and M s = 1.162 × 10 6 A/m. The reduced anisotropy barrier with respect to thermal energy is given by
and is relatively large σ (300K) ≃ 3 at room temperature. The free diffusion time τ D , defined by
where γ g is the gyromagnetic ratio. With these specific parameters and for intermediate-to-high damping (namely 1 α 10) τ D varies between 7 × 10 −11 s and 7 × 10 −12 s. As already mentioned earlier, the chain is assumed to be long enough so as to neglect the edge effects. We have checked that this assumption becomes valid when the chain consists of more than 20 nanoparticles.
A. Relaxation rate Γ
In the expressions of the longitudinal and transverse relaxation rates given in Eqs. (21) and (31), using the respective energy barriers in (12) and (25), we see that the arguments of the exponential functions are primarily governed by the zero field energy barrier σ = KV /k B T . Besides, if we inspect more closely these two arguments for h → 0, we realize that taking the interparticle dipolar interaction into account is equivalent to doing a renormalization of the anisotropy. For a 1D chain, the dipolar field can indeed only be along the chain and thus it merely brings an additional rigidity to the magnetic system. This implies that the relaxation rate decreases as the dipolar interaction increases. This can be checked in Figs. 2-(a) and (b) where the logarithm of the relaxation rate is plotted against the field for different dipolar strengths ξ.
The relaxation rate Γ is mostly given by exp −β∆E − and its prefactor as h increases. In the prefactor, ξ is coupled to h only via positive terms. This implies a monotonic behavior of log Γ as a function of h.
In contrast, the prefactor of the relaxation rate Γ ⊥ in transverse field has a more involved expression which is a non monotonic function of h. As a consequence, and as it can be seen in Fig. 2-(b) , we observe a competition between the external and the dipolar fields. For finite ξ, the relaxation rate first decreases at low fields and then increases when h overcomes the additional rigidity brought in by ξ.
When the anisotropy barrier σ becomes large enough, say σ 2.5, the behavior of log Γ and log (Γ ⊥ ) as a function of σ is nearly linear as seen in Figs. 3-(a) and (b). The effect of the dipolar field is mainly to increase the (anisotropy) rigidity as explained earlier and is more pronounced in the transverse field case. This can be understood by inspecting the expressions of the energy barriers given by Eqs. (12) and (25): the numerical prefactor in front of ξ is larger in ∆E ⊥ . 
B. Blocking temperature TB
The blocking temperature is obtained by solving Eq. (2) for an experiment specific time τ mes . In the case of magnetic nanoparticles, the characterization of magnetic properties can be achieved through SQUID experiments with a typical measuring time τ SQUID = 10 −2 s. The blocking temperature T B is plotted in Fig. 4 -(a) as a function of the external field for various dipolar strengths. When h → 0, one sees that T ⊥ B and T B nearly coincide as expected. In the longitudinal case, the blocking temperature is a decreasing function of h. Indeed, in this case, as already stated earlier, the prefactor of the relaxation rate does not play much of a role as it is a monotonic function of h (for low field and low ξ). Hence, the addition of the external field for a finite ξ is seen in the energy barrier and facilitates the magnetization reversal by making more pronounced saddle points. All in all, this results in a reduced T B as h increases.
The situation in transverse field is more subtle: it involves both the energy barrier and the prefactor of the relaxation rate. At a relatively high field, the physics is governed by the energy barrier which is strongly reduced, and hence T B decreases by increasing h. In the low-field regime h/k < 0.05, h couples to ξ and the competition that occurs between the dipolar (longitudinal) field and the external (transverse) field leads to a nonmonotonic behavior of T B : as h increases, T ⊥ B first increases, and then decreases when a critical value of the transverse field is reached. Fig. 4-(b) shows the blocking temperature against the interparticle distance a for two different values of the external field. The interparticle distance range has been chosen so that we remain in the limit ξ ≪ 1, indeed even for a/R = 3, we have ξ ≈ 0.232. The behavior of T ⊥ B and T B is in line with the previous observations. Indeed, knowing that ξ ∝ a −3 , we see that if a is increased the effective magnetic anisotropy of the chain is reduced and the blocking temperature is lowered since the energy barrier can be more easily overcome by the magnetic moments.
Indeed, for both Figs 4-(a) and (b) the overall behavior of T B can be understood if one simply uses the Arrhenius Fig. 4-(a) .
VI. CONCLUSION AND OUTLOOK
On the basis of our analytical developments, we have shown in the present work that for one-dimensional chains of nanoparticles, the dipolar interaction mainly acts as an additional effective uniaxial anisotropy. In essence, this renormalized rigidity implies an increase of the relaxation rate. To be more specific, two situations can be further analyzed: i) at relatively high fields and high barrier the physics is largely dominated by the energy barrier physics and thus by the argument of the exponential; ii) at lower fields, we have observed a subtle role of the prefactor that can, for instance, lead to a non-monotonic behavior of log Γ ⊥ . This is a prototypical example that highlights the fact that the magnetization dynamics within the well cannot be neglected and simply analyze the physics using the Arrhenius law. This issue is particularly important in the context of realistic experimental situations where one as to investigate the dynamics of samples with (weakly) interacting chains. In these cases, the inter-chain coupling can indeed be viewed as an effective field with a transverse component [20] that will affect the dynamics and can lead to non-monotonic behavior of the relaxation rate.
